Kakeya sets in the affine plane AG(2, q) are point sets that are the union of lines, one through every point on the line at infinity. The finite field Kakeya problem asks for the size of the smallest Kakeya sets and the classification of these Kakeya sets. In this article we present a new example of a small Kakeya set and we give the classification of the smallest Kakeya sets up to weight q(q+2) 2 + q 4 , both in case q even.
Introduction
Let GF(q) be the Galois field with q elements, q a prime power. We denote by PG(n, q) the n-dimensional projective space over GF(q), by H ∞ = PG(n − 1, q) a fixed hyperplane of PG(n, q) (but we write L ∞ if n = 2) and by AG(n, q) = PG(n, q) \ H ∞ the n-dimensional affine space over GF(q). For every point P on H ∞ , let L P be a line on P not contained in H ∞ . The point set
is called a Kakeya set, or a minimal Besicovitch set. The finite field Kakeya problem asks for the smallest size k(n, q) of a Kakeya set in AG(n, q). It is the finite field version of the classical Euclidean Kakeya problem (see [15, Section 1.3] for a short survey) and was first posed by Wolff in his influential paper [16] of 1996. In the same paper, he conjectured that k(n, q) ≥ c n q n , where c n > 0 is a constant depending only on n. Despite the fact that the conjecture was intensively studied, it remained open for more than ten years and was finally proved by Dvir ([4] , 2009), using a beautiful argument involving polynomial techniques over finite fields.
Theorem 1.1 (Z. Dvir, 2009 ). If K is a Kakeya set in AG(n, q), then
Dvir's lower bound (1) is not sharp in general and was recently improved in [5] and [13] . The problem of finding the exact value of k(n, q) seems to be very hard and gets more difficult as the dimension n increases. At this moment, it is completely solved only in dimension two and we will give a brief account of this. Example 1.2. Assume q is odd and consider in PG(2, q) a dual oval O (i.e. q + 1 lines, no three concurrent) and assume H ∞ = L ∞ is a line in O. Under these assumptions, every point P ∈ L ∞ , but one, belongs to a second line L P ∈ O other than L ∞ . If A is this remaining point on L ∞ , let L A be any line through it, different from L ∞ . Then the Kakeya set In [3] , Blokhuis and Mazzocca characterized the Kakeya sets described in the previous example as the smallest ones in AG(2, q), q odd.
for every Kakeya set K in AG(2, q). Equality holds if and only if K is associated with a dual oval in PG(2, q) as in Example 1.2.
Now we describe two ways to obtain a "small" Kakeya set in AG(2, q), with q even.
Example 1.4. Assume q is even and consider in PG(2, q) a dual hyperoval H (i.e. a set of q + 2 lines, no three concurrent) and assume L ∞ is a line in H. For every point P ∈ L ∞ , let L P be the line of H on P other than L ∞ . Then the Kakeya set
since every point of K(H) is on precisely two lines of H.
Example 1.5. With the same assumptions and notations of Example 1.4, fix a point
since deleting the line L A from the Kakeya set K(H) does not decrease the number of covered points, and the line L contains 1 2 q affine points which lie on two lines of H \ {L A } and 1 2 q affine points which lie on no lines of H \ {L A }.
When q is even, it is easy to prove that k(2, q) = 1 2 q(q + 1) -note that this also follows from Theorem 1.1 -and equality occurs only for the Kakeya sets described in Example 1.4. Moreover, in [2] , Blokhuis and Bruen proved the following result (stated in its dual form). q. We will prove that in AG(2, q), q even, there are no Kakeya sets whose size belongs to the corresponding open interval and we will characterize those of size 1 2 q(q + 1) + 3 4 q.
Preliminaries
Definition 2.1. A k-arc (or simply arc) in PG(2, q) is a set of k points, no three of which are collinear. An arc is called complete if it is not contained in a larger arc. A tangent line to an arc is a line intersecting the arc in precisely one point.
Arcs have been intensively studied in the past decades and many results are known. For an overview, see for example [8] . We mention some results about arcs, that we will need. The first one is given in [9] . In PG(2, q), q even, a hyperoval is a complete (q +2)-arc. In [8, Chapter 10] , the tangent envelope of an arc is introduced. This is the algebraic envelope (dual curve) containing all the lines tangent to this arc. The tangent envelope of a k-arc is of class q + 2 − k if q is even. Dualizing this, we find a tangent curve to a dual k-arc, containing all points which are covered precisely once by the lines of the dual arc. This is an algebraic curve of degree q + 2 − k if q is even. The following theorem is proved in [8] in the setting of arcs and tangent envelopes, but we state it immediately in the setting of dual arcs and tangent curves. Proof. Let Γ t be the tangent curve of A. Then Γ t is an algebraic curve of degree t = q+2−k. By Theorem 2.3, a line extending A is a component of Γ t and vice versa. Consider a line L not extending A. It intersects Γ t in x points, with x ≤ t. These points are the ones lying on precisely one line of A. Consequently, 
Using the bound on x, we find that q − 1 2
q. The lemma follows.
After its introduction, the concept of arcs has been generalised. We will not discuss this in general, but we mention the following special type, introduced by Korchmáros and Mazzocca in 1990 ( [11] ). Definition 2.5. A (q + t, t)-arc of type (0, 2, t) in PG(2, q), q even (and t|q), is a set of q + t points intersecting any line in 0, 2 or t points.
In [7] , it is proved that a (q + t, t)-arc of type (0, 2, t) has a t-nucleus, the common point of all its t-secants. However, it remains an open problem for which pairs (q, t) they exist and how they can be classified. For example, for t = 4, we only know examples for q ≤ 32 (for q = 8, 16: see [11] ; q = 32: see [10] ).
There are important links between finite geometry and coding theory. Important for us is the code of the plane. Definition 2.6. Consider the plane PG(2, q), q even. Let M 2,q be the GF(2)-matrix whose rows are labelled by the lines and whose columns are labelled by the points of PG(2, q) such that
This matrix is called the incidence matrix of the plane. The binary code generated by the rows of this matrix will be denoted by C(2, q). It is called the code generated by the points and lines of PG(2, q).
This code has been the subject of a lot of research. For a survey, see for example [1, 12] . We will need the following theorem. 
Classifying the next example
Now we describe a Kakeya set, which we will prove to be the (theoretical) third smallest example (provided that it exists). 
This is a Kakeya set since there is precisely one line
In other terms, L a ∈ A contains two different complete points. Consider the line set (A \ {L a }) ∪ {L k , L l }. This line set is a dual arc since A is a dual arc, and the lines L k and L l each contain precisely one intersection point of the lines of A, both lying on L a . However, this line set contains x + 1 lines and is a subset of L. This is a contradiction since we know L contains no dual (x + 1)-arc. Hence, a line of A contains at most one complete point. Consequently, |B| ≤ 1 2 x .
From the previous arguments, it follows that |{L j | m j ≥ 2}| = (q + 1) − x − |B|. So, we conclude
Proof. In the following, for every j ∈ {0, 1, . . . , q}, we set
and we assume 0 < ε ≤ 3 4 q .
Then, |S j \ S j−1 | = q − j + m j , with m j ≥ 0, for j = 1, 2, . . . , q. In other terms, passing from S j−1 to S j by the addition of the (j + 1)-th line L j , the number of covered points increases by q − j + m j . Moreover, a direct computation shows that
Denote by k, k < q + 1, the maximal integer for which L ∞ and k lines in L form a dual (k + 1)-arc in PG(2, q) and, without loss of generality, assume that A = A ∪ {L ∞ }, with A = {L 0 , . . . , L k−1 }, is such a dual (k + 1)-arc. Under this assumption, because each of the lines in A intersects the union of the remaining ones in exactly k − 1 affine points, we have m i = 0 for i = 0, 1, . . . , k − 1. Moreover, because of the maximality of A as a dual arc contained in T , for j ≥ k, no line L j extends A and consequently m j = 0 for j ≥ k. Now, we distinguish two cases: k ≤ q, we apply Lemma 3.2. We find that |K| ≥ 
Note that k = q + 1 would imply that A is a dual hyperoval and that ε = 0. For q(q + 2) − 1 , which is part of the result of Blokhuis and Bruen (Theorem 1.6). Proof. We use the notation introduced in Lemma 3.3. Assume K covers precisely (q + 2)q. Note that in this case, the inequality in (3) is an equality, ε = 1 2 q and ε = 0. Now, we look at the case k = 1 2 q + 1. We apply Lemma 3.2 and we find
The lemma follows from these observations.
q. Then K is a Kakeya set of the type given in Example 3.1.
Proof. We use the notation we introduced in Lemma 3.3 and Lemma 3.4. We recall that L is the line set {L 0 , . . . , L q }. By the results of these lemmata and the arguments used in their proofs, we know that L contains a dual ( q + 1 ≤ j ≤ k and m j ≥ 2 for k + 1 ≤ j ≤ q. Just as in the preceding lemmata, every line L j , 1 2 q + 1 ≤ j ≤ k , contains precisely one intersection point of the lines of A. Those intersection points were called complete points. Again arguing as in Lemma 3.2, we know every line of A contains at most one complete point, hence the set {L j | m j = 1} has size at most 1 4 q, which gives k ≤ 3 4 q. Using (2), we then obtain k = q + y + 1 ≤ j ≤ q} be the set of the latter lines. Remark that we first add the lines of B * . The complete points lying on a line of B * will be called hypercomplete points, and the intersection points of two lines of A , that are not complete points, but are lying on a line of B − , are called new complete points. It follows that there are y hypercomplete points, 1 4 q − y complete points that are not hypercomplete, and 2(
Since a line of A \ {L 0 } contains precisely one complete point before adding the lines of B, it contains precisely one complete point, which is possibly hypercomplete. We will prove some properties of the hypercomplete and new complete points. Note that a point cannot be (hyper)complete and new complete at the same time.
• Firstly, we prove that a line of A cannot contain a hypercomplete point and a new complete point. Let L i ∈ A \ {L 0 } be a line containing a hypercomplete point 
, which is a contradiction.
• Similarly, we can also prove that a line of L cannot contain a complete point, which is possibly hypercomplete, and two new complete points. It is obvious that a line of B ∪ {L 0 } cannot contain a (hyper)complete point and two new complete points.
As before it is not indicated where L j , L n and L p are removed. We define m σ a for L a using this ordering σ . There are 
In the new ordering, we then insert L j between L p and L3 4 q+1 . Then we find m
− . In this case, we consider the ordering
Defining as before m τ a for the line L a , we find m τ i = 3, a contradiction. Also in this case, the complete point is allowed to be hypercomplete.
• Finally, we prove that the line L 0 cannot contain new complete points. Remark first that the lines of A \ {L 0 } can be partitioned in 1 4 q sets of 3 lines going through a common complete point. Two of these lines belong to A and one belongs to A \ A. Let C a be the set of three lines containing the complete point on L a ∈ A \ {L 0 }. By swapping their positions in the ordering of the lines in A , each of the lines can be chosen to be the one in A \ A.
is not a complete point, the sets C j and C k are different. So, at most one of them equals C i . Without loss of generality, we can assume that C j and C i are different (and hence disjoint). Thus, by the above, we can choose simultaneously both L i and L j to be in A \ A. However, then the set A ∪ {L r } is a dual ( 1 2 q + 2)-arc contained in L, a contradiction to Lemma 3.3.
We count the number of elements in this set in two ways. On the one hand, we find |S | = 4y since every hypercomplete point lies on precisely four lines of L, none of which is L 0 . On the other hand, we find |S | ≤ y + q, there are no new complete points and all 1 4 q complete points are hypercomplete. Since a line of A contains at most one complete point regarding the lines of A , a line of L contains at most one hypercomplete point. Hence, the lines of L \ {L 0 } can be partitioned in 1 4 q groups of four lines, each going through a common (hypercomplete) point. Furthermore, there are precisely 1 4 q points lying on 4 lines of L (the hypercomplete ones), there are 2q points lying on precisely one line of L (2 on each line through a hypercomplete point and none on L 0 ) and there are 1 2 q(q − 2) points on precisely two lines of L. Consider the binary code C = C(2, q) generated by the lines and points of PG(2, q) (the points correspond to the positions). Let c be the codeword which is the sum of the (incidence vectors of) lines of L ∪ {L ∞ }. This corresponds to the set of points which are covered precisely once by the lines of L ∪ {L ∞ }. By the previous arguments, this is a codeword of weight 2q. Moreover, c is also a codeword of C ⊥ since it can be written as the sum of 1 2 q + 1 differences of incidence vectors of two lines. Using Theorem 2.7, we find that c is the difference of the incidence vectors of two lines. Thus, the points covered only once by the lines of L are lying on two lines. Denote these two lines by M and M . Then, M and M intersect each of the lines L 1 , . . . , L q in an affine point since L 1 , . . . , L q each contain two points lying on precisely one line of
This is a set of q + 4 lines in PG(2, q) such that every point is contained in 0, 2 or 4 lines of the set. Hence, this is a dual (q + 4, 4)-arc of type (0, 2, 4). We conclude that the Kakeya set is of the type described in Example 3.1.
We summarize the known results about the smallest Kakeya sets in the next theorem. Theorem 3.6. Let K be a Kakeya set in AG(2, q) = PG(2, q) \ L ∞ , q > 8 even. Then, only the following possibilities can occur.
• |K| = 1 2 q(q + 1) and K arises from a dual hyperoval.
• |K| = q and K is a Kakeya set of the type given in Example 1.5.
• |K| = q and K is a Kakeya set of the type given in Example 3.1.
• |K| ≥ 1 2 q(q + 1) + 3 4 q + 1.
Remark 3.7. We have a look at the smallest cases for q, that are not covered by this theorem.
For q = 2, Theorem 1.6 classifies all Kakeya sets since q, so the proof of Lemma 3.3 does not continue. However, it does follow that a Kakeya set of size 41 contains a dual 8-arc or a dual 5-arc that is not extendable to a dual 6-arc with an affine line of K. This is enough for the proof of Lemma 3.4 and hence we can exclude the size 41. Kakeya sets of the type given in Example 3.1 have size 42, but it is not proved that this is the only possibility for a Kakeya set of that type.
Conclusion
In this article a first small Kakeya set in AG(2, q), q even, is constructed which does not arise from a hyperoval. Moreover, small Kakeya sets, with size at most 3 4 q above the lower bound for Kakeya sets are classified. It might be interesting to find constructions of other small Kakeya sets different from the ones arising from hyperovals.
For q > 8 even, all Kakeya sets in the interval 1 2 q(q + 1), 1 2 q(q + 1) + 3 4 q have been classified, but for q odd, only the Kakeya sets of minimal size have been classified. It would be interesting to find a similar classification result in the case q odd.
Finally, for small values of q the Kakeya problem for AG(2, q) was studied separately in this article. Maybe, for the small planes better classification results could be found.
